Abstract. We prove that given a Grothendieck category G with a tilting object of finite projective dimension, the induced triangle equivalence sends an injective cogenerator of G to a big cotilting module. Moreover, every big cotilting module can be constructed like that in an essentially unique way. We also prove that the triangle equivalence is at the base of an equivalence of derivators, which in turn is induced by a Quillen equivalence with respect to suitable abelian model structures on the corresponding categories of complexes. 
Introduction
If G is a Grothendieck category with a tilting object T ∈ G (i.e. T is a rigid compact generator for the unbounded derived category of G) and R is the endomorphism ring of T , then we have a triangle equivalence from D(G) to D(R) which sends T to R. A motivating question for this paper, answered in [HRS96, CGM07] for tilting objects of projective dimension 1, is when we can go back. That is, if we start with a ring R, under what circumstances can we find a Grothendieck category G with a tilting object T and a triangle equivalence D(R) → D(G) sending R to T ?
Our approach is inspired by classical representation theory where, in the context of module categories over artin algebras, a finitely generated injective cogenerator of G is always sent to a finitely generated cotilting module. The general situation is analogous, but an injective cogenerator of an arbitrary Grothendieck category G is far from being finitely generated in any reasonable sense. The solution is to pass to so-called big cotilting modules, introduced in [AHC01] . Now we can explain our first result (Theorem 1.7): If G is a Grothendieck category, T is a tilting object of finite projective dimension (in the sense that Ext This is, however, not the end of the story. We also prove that every big cotilting module occurs like that in an essentially unique way (Theorems 6.2 and 6.8). In order to do so, we employ a model structure associated with the cotilting module (Theorem 3.17), which is constructed using a technique discovered by Hovey and Gillespie, [Hov02, Gil04] . This model structure is very handy for reconstructing the Grothendieck category G from the cotilting module C ∈ Mod-R. Not surprisingly, we construct G as the heart of a certain t-structure in D(R) (Theorem 4.5).
Along the way, we obtain a lot of extra information. Remarkably, there is a much tighter connection between G and Mod-R than only the derived equivalence. It is a rather easy observation that Hom G (T, −) : C(G) → C(R) is a right Quillen equivalence (Theorem 3.13) if we choose suitable model structures on C(G) and C(R).
There is a not so well-known consequence of the latter fact. Both D(G) and D(R) are at the base of a Grothendieck derivator, and it follows that the corresponding derivators must be equivalent. In pedestrian terms, we have a derived equivalence D(G I ) → D(Mod-R I ) for every diagram I and all these equivalences are compatible with the scalar restriction functors. In fact, we prove the equivalence of derivators directly (Theorem 5.21) in a way which is practical for our computations. This seems to have been a neglected fact so far, even in the case considered by Happel, Reiten, Smalø [HRS96] and Colpi, Gregorio and Mantese [CGM07] . As a consequence, we can for instance prove that the tilting object T ∈ G must be finitely presentable in G (Theorem 6.7).
Although some questions are answered, others come to ones mind. For instance, what if we consider derived equivalences between two Grothendieck categories? This is a situation which one encounters in algebraic geometry, see [AHHK07, Ch. 7] . The injective cogenerator of one of the categories would then be sent to what is best called a big cotilting object or even a big cotilting complex. As opposed to tilting complexes in the sense of Rickard [Ric89] or big cotilting modules [AHC01] , neither of these two concepts seems to have been even defined. 0.1. Acknowledgment. I would like to thank Ivo Herzog for suggesting an alternative construction of G via the functor category, which considerably simplified the proof of Theorem 6.2.
Big cotilting modules from injective cogenerators
We start with explaining our motivation which shows how big cotilting modules occur naturally. Suppose that G is a Grothendieck category. We will denote by C(G) the category of all cochain complexes
From the point of view of homological algebra, any Grothendieck category G has an important object: an injective cogenerator W (see [Gro57, Théorème 1.10 .1] and [Mit64, Corollary 2.11]). One can ask, given a tilting object T ∈ G, which properties characterize the image of W under the triangle equivalence RHom G (T, −). The rest of the paper is mostly devoted to giving a satisfactory answer to this question.
In order to formulated our answer, we need the following definition from [AHC01] . If M is an object in a Grothendieck category, we will denote by Prod M the class of all summands in products of copies of M and by Add M the class of all summands in coproducts of copies of M . Thus, if W ∈ G is an injective cogenerator, then Prod W is precisely the class of all injective objects in G. Now we can define: Definition 1.6 ( [AHC01] ). Let R be a ring, C a right R-module and n ≥ 0. Then C is a big n-cotilting module if it satisfies the following three conditions: (BC1) C has injective dimension bounded by n. in Mod-R such that Q is an injective cogenerator of Mod-R, r ≥ 0 and C i ∈ Prod C for all i. Moreover, C is called big cotilting if it is big n-cotilting for some n ≥ 0.
The adjective big refers to the fact that C need not be finitely generated as a module. There is an extensive theory for such modules developed by several authors which covers various homological, model theoretic and approximation properties. We refer to [GT06] for the results and references. A part of the theory will be recalled and used later in the text. Here we only mention that the sequence in (BC3) can be taken so that r = n, where n is the injective dimension of C; see [Baz04, Proposition 3.5].
In order not to postpone the main point any further, we shall state the main result of the section: Theorem 1.7. Let G be a Grothendieck category, W ∈ G be an injective cogenerator and T ∈ G be a classical tilting object. Denote R = End G (T ). Then all the cohomologies of RHom G (T, W ) ∈ D(R) in degrees different from zero vanish, so that RHom G (T, W ) ∼ = C in D(R) for some module C ∈ Mod-R.
Suppose further that there exists n ≥ 0 such that Ext n+1 G (T, −) ≡ 0 (one often says that the projective dimension of T in G is less than or equal to n). Then C is a big n-cotilting module.
Remark 1.8. This result clearly demonstrates why we should deal with big cotilting modules. It happens very often that injective objects of Grothendieck categories are not small in any reasonable sense (finitely presentable, compact in the derived category or similar). Thus, we cannot expect C to be a finitely generated or presented module, and this is indeed the case in examples.
Remark 1.9. If G = Qcoh(P 1 k ), where k is an algebraically field, and T = O ⊕ O(1), the resulting k-algebra R = End G (T ) is a so-called Kronecker algebra. Finitely generated R-modules are well understood (see [ARS97, §VIII.7] ) and this was used by Ringel and Reiten to obtain in [RR06, Proposition 10.1] a very concrete description of what turns out to be a big cotilting module coming from Theorem 1.7 in that particular case.
Remark 1.10. If G is a locally noetherian Grothendieck category, such as in the case of Example 1.5 or Remark 1.9, then there is an injective cogenerator W ∈ G such that Prod W = Add W . It turns out by inspecting the proof of Theorem 1.7 that in such a case Prod C = Add C in Mod-R for the cotilting module C. This among others implies that C is a Σ-pure-injective module by [GT06, Lemma 1.2.23] and this is a very restrictive condition on C. A partial converse saying that if a 1-cotilting module C coming from a Grothendieck category G with a classical tilting object is Σ-pure-injective, then G is locally noetherian, has been proved in [CMT10] .
Remark 1.11. If G has exact products, then the existence of n ≥ 0 such that Ext n+1 G (T, −) ≡ 0 follows from the compactness of T . Indeed, if there were no such n, then we would have objects M i ∈ G with Ext i G (T, M i ) = 0 for arbitrary high i > 0. In particular, there would be a morphisms T → i Σ i M i in D(G) with infinitely many non-zero components. But using the exactness of products, we have
, contradicting the compactness of T . We do not know, however, whether Ext n+1 G (T, −) ≡ 0 for some n follows from the compactness if products are not exact. This is in fact closely related to rigidity of t-structures defined in [ATJLSS03, §5] . Various Grothendieck categories with nonexact products come from algebraic geometry (see for instance [Kra05, Example 4.9]), but for these an integer n as above exists in all examples we are aware of.
Despite being somewhat technical, the proof of Theorem 1.7 uses only standard tools. First we identify the copy of Mod-R which occurs in D(G) thanks to the equivalence RHom G (T, −).
Lemma 1.12. Let G be a Grothendieck category and T ∈ G be a classical tilting object. Given X ∈ D(G), the following are equivalent:
(
In particular, RHom G (T, W ) ∈ Mod-R whenever W ∈ G is injective.
Proof. Clearly Y ∈ D(R) is isomorphic to a module if and only if Hom D(R) (Σ i R, Y ) = 0 for all i = 0. Then we simply use that RHom G (T, −) : D(G) → D(R) is a triangle equivalence which sends T to R. Regarding the last statement, we use that
G (T, W ) = 0 for all i = 0. Our next goal is to identify the complex corresponding to an injective cogenerator Q ∈ Mod-R in D(G). We will find it using a variant of Brown-Comenetz duality [BC76] in the spirit of [Nee01, Remark 8.5.22 and §8.7]. Versions of this construction are also known as Serre duality in algebraic geometry (see [BK89] ) and Auslander-Reiten translation in representation theory (see [KL06] ). Definition 1.13. Let T be a triangulated category with small coproducts and let Z ∈ T be a compact object. A Brown-Comenetz dual of Z in T is an object BC(Z) ∈ T such that there exists a natural equivalence
Note that if BC(Z) exists, it is determined uniquely up to isomorphism by the Yoneda lemma. A sufficient condition for the existence is given by the following proposition.
Proposition 1.14. Let T be a triangulated category with small coproducts and a compact generator in the sense of Definition 1.3. Then every compact object of T has a Brown-Comenetz dual.
Proof. Given a compact object Z ∈ T , the functor Hom Z Hom T (Z, −), Q/Z : T op −→ Ab turns triangles to long exact sequences and preserves products. Under the condition on T , the functor is representable by an object of T by [Nee01, Theorem 8.3 .3]. The representing object is by the very definition BC(Z), the Brown-Comenetz dual of Z.
The above is already sufficient to construct a preimage of an injective cogenerator of Mod-R directly in D(G). Corollary 1.15. Let G be a Grothendieck category with a classical tilting object T . Let R = End G (T ) and denote Q = Hom Z (R, Q/Z), viewed as a right R-module. Then Q is an injective cogenerator of Mod-R and RHom G (T, BC(T )) ∼ = Q.
Proof. That Q ∈ Mod-R is an injective cogenerator is standard, see [AF92, Lemma 18.5]. In order to prove that RHom G (T, BC(T )) ∼ = Q, it suffices to prove that the Brown-Comenetz dual of R in D(R) is isomorphic to Q. This follows by inspecting the degree zero cohomology in the composition of the natural isomorphisms
. We shall recall another definition. Definition 1.16. Let T be a triangulated category with small coproducts. A full subcategory S ⊆ T is called suspended if S is closed under taking coproducts, suspensions, and if X → Y → Z → ΣX is a triangle with X, Z ∈ S, then Y ∈ S.
Dually, if T is triangulated with small products, S ⊆ T is cosuspended if S is closed under products, desuspensions, and if
The defining property of BC(T ) allows us to prove a relation between when cohomologies of X and cohomologies of RHom G (T, X) vanish. What we prove among others implies that a quasi-inverse of the functor RHom G (T, −) : Lemma 1.17. Let G be a Grothendieck category, T be a classical tilting object, and suppose that there exists n ≥ 0 such that Ext
(1) BC(T ) can be, up to isomorphism in D(G), represented by a complex whose all components are injective and which has non-zero components only in cohomological degrees (−n) to 0.
(1) Using dimension shifting in the second argument of Ext, one easily shows that Ext j G (T, −) ≡ 0 for all j > n. This and the definition of the Brown-Comenetz dual implies that
Now using either [ATJLSS00, Theorem 5.4] or the injective model structure discussed later in Example 3.11, we can replace BC(T ) by an isomorphic object K ′ ∈ D(G) such that all components of K ′ are injective in G and
Let us denote by Z i (K ′ ) the i-th cocycle object of K ′ . By combining the above, we observe that the canonical cochain complex maps
for i < −n and for i > 0. In other words, for each such i we have a map
splits. Let us denote by K ∈ C(G) the complex concentrated in cohomological degrees (−n) to 0 given by
A simple computation reveals that K ′ is isomorphic in K(G) to K and K has injective components. Indeed, let us denote by K ′′ the subcomplex of K ′ given by
That is, K ′′ is a truncation of K ′ to non-positive cohomological degrees. By the above computation we have (
0 and so we have a component wise split short exact sequence 0
In particular, K ′′ has injective components and is quasi-isomorphic to K ′ . Similarly we can express K as a component wise split quasi-isomorphic factor of K ′′ . Thus, K is isomorphic to BC(T ) in D(R) and has the required properties.
(2) Note that both
For S 2 this follows from the fact that every object of S 2 is isomorphic in D(G) to a complex with all components injective and non-zero components only in cohomological degrees ≥ (−n). Our task is to prove that S 1 ⊆ S 2 .
Using the same argument as for Lemma 1.12, the essential image of S 1 in D(R) is the cosuspended subcategory
We claim that U is the smallest suspended subcategory of D(R) containing Q = Hom Z (R, Q/Z). Indeed, U clearly contains all bounded complexes of injective modules concentrated in cohomological degrees ≥ 0. If Y ∈ U is arbitrary, we can without loss of generality assume that Y is a complex of injective modules concentrated in cohomological degrees ≥ 0. Then Y is a homotopy limit in the sense of [BN93, Remark 2.3] of its bounded brutal truncations. This proves the claim.
Passing back through the triangle equivalence and using Corollary 1.15, we learn that S 1 is the smallest cosuspended subcategory of D(G) containing BC(T ). As S 2 contains BC(T ) by (1), we have S 1 ⊆ S 2 . Now we can finish the proof of the theorem.
Proof of Theorem 1.7. Suppose that T ∈ G is a classical tilting object and W ∈ G is an injective cogenerator. Then RHom G (T, W ) is isomorphic to a module by Lemma 1.12. We denote this module by C.
Suppose now that we have a non-negative integer n such that Ext
it follows from Lemmas 1.12 and 1.17(2) that
In particular Ext n+1 R (−, C) ≡ 0 in Mod-R and (BC1) of Definition 1.6 holds for C. Regarding (BC2), note that given any set I and the product W I in G, then W I is injective in G and
Therefore, although the canonical inclusion G → D(G) does not preserve products in general, W I is the corresponding product of copies of W in D(G). It follows that
for all i > 0, as required. Finally, let K be a complex isomorphic to BC(T ) in D(G) as in Lemma 1.17(1). Hence we have an isomorphism Q ∼ = RHom G (T, K) in D(R), where Q is the injective cogenerator of Mod-R as in Corollary 1.15. Moreover, RHom G (T, K) can be taken of the form
where each C i is in cohomological degree i and belongs to Prod C. As this complex has a non-zero cohomology only in degree zero and the cohomology R-module is isomorphic to Q, (BC3) follows.
The aim of the rest of the text is to prove that every big cotilting module arises as in Theorem 1.7. For big 1-cotilting modules this was essentially proved by Colpi, Gregorio and Mantese in [CGM07] . If n > 1, we need more powerful tools in order to construct a corresponding Grothendieck category with a classical tilting object.
Resolving subcategories and resolution dimension
In this section we generalize some results of Auslander and Bridger [AB69] . We will be concerned with the following concept.
Definition 2.1. Let A be an abelian category and X ⊆ A be a full subcategory. Then X is a resolving subcategory if it satisfies the following.
(R0) X is closed under retracts. (R1) Suppose that 0 → X → Y → Z → 0 is a short exact sequence and Z ∈ X . Then X ∈ X if and only if Y ∈ X . (R2) X is generating. That is, for any A ∈ A there exists an epimorphism X → A with X ∈ X . A resolving subcategory is called functorially resolving provided that the epimorphisms in (R2) can be taken functorially in A.
The resolution dimension of an object A ∈ A with respect to X , denoted res. dim X A, is defined as the smallest integer n ≥ 0 such that there exists an exact sequence
with X 0 , X 1 , . . . , X n ∈ X , or res. dim X A = ∞ if such n does not exist.
Coresolving and functorially coresolving subcategories and coresolution dimension are defined dually.
In Grothendieck categories, the functorial property of resolving subcategories comes often for free.
Lemma 2.2. Let G be a Grothendieck category. If X is a resolving subcategory closed under small coproducts, then X is functorially resolving. Dually, if X is coresolving closed under products, then X is functorially coresolving.
Proof. A resolving subcategory in G necessarily contains a generator G for G. Then we can choose for every A ∈ G the canonical epimorphism
and it is an easy observation that this choice can be made functorial in A. Similarly, every coresolving subcategory contains an injective cogenerator.
The main observation of the section is that the resolution dimension with respect to X shares some nice properties with usual projective dimension. In particular, the resolution dimension of an object can be computed using any resolution by objects of X . Proposition 2.3. Let A be an abelian category, X ⊆ A a resolving subcategory, and n ≥ 0 an integer. Then the following hold:
(1) Suppose that A ∈ A is an object and that we have exact sequences
(2) The class X n of all objects of A of resolution dimension ≤ n is a resolving subcategory.
The dual statements hold for coresolving subcategories and coresolution dimension.
Proof. The first part was proved in [AB69, Lemma 3.12] for abelian categories with enough projectives. In general we will prove (1) and (2) jointly by induction on n.
If n = 0, then both (1) and (2) are clear. Suppose that n > 0. Regarding (1), it clearly suffices to prove that K ′ n ∈ X provided that K n ∈ X . Hence suppose K n ∈ X and consider the pullback diagram 0 0
We have X 0 ∈ X and Ker p ∈ X n−1 . The inductive hypothesis on X n−1 implies that Z ∈ X n−1 and in turn Ker p ′ ∈ X n−1 . Applying (1) for n − 1 gives us K ′ n ∈ X , as required.
For (2) suppose that we have a short exact sequence 0
The we can construct the diagram with exact rows and columns: 0 0 0
Using the inductive hypothesis, we have L ∈ X n−1 and so B ∈ X n . Similarly if B, C ∈ X n , then A ∈ X n . This proves Definition 2.1(R1) for X n . Moreover, if p splits, then the diagram can be constructed so that the upper row also splits. In that case if B ∈ X n , then L ∈ X n−1 , so K, M ∈ X n−1 and A, C ∈ X n . Thus, (R0) holds. Finally, the inclusion X ⊆ X n implies (R2) and X n is resolving.
Cotilting model structures
This section is devoted to a description of suitable model structures (in the sense of [Hir03, Hov99] ) on the category C(G) for a Grothendieck category G such that the homotopy category is D(G). We will also exhibit a Quillen equivalence between C(R) and C(G) if G is a Grothendieck category with a classical tilting object and R is its endomorphism ring.
3.1. Models for the derived category. The derived category of G is usually defined as the category which we obtain from C(G) by formally inverting all quasiisomorphisms. This process of inverting morphisms fits into a well understood framework of Quillen model categories [Hir03, Hov99, Qui67] Recall that a model structure on A consists of the class W of weak equivalences, i.e. the morphisms which we wish to make invertible, and of two additional classes of morphisms Cof, Fib, called cofibrations and fibrations, respectively. These three classes are subject to well-known axioms for which we refer to [Hir03, Hov99] . A model category is a complete and cocomplete category equipped with a model structure (Cof, W, Fib), and in this context A[W −1 ] is traditionally called the homotopy category of A.
As we are mostly interested in D(G) for a Grothendieck category G, we shall start with A = C(G) and W the class of all quasi-isomorphisms. The question now stands as how to construct the additional classes Cof, Fib, preferably in a way which later allows for efficient computations in D(R). Here we use the fact that C(G) is not just an arbitrary category. It is an abelian category, and even a Grothendieck category (see for instance [Št ' o13, Lemma 1.1]). It is very helpful to make the model structure respect the abelian structure the sense defined by Hovey [Hov02] :
An abelian model structure on an abelian category A is a model structure such that cofibrations are precisely monomorphisms with cofibrant cokernels and fibrations are precisely epimorphisms with fibrant kernels. Of course, an abelian model category is a complete and cocomplete abelian category together with an abelian model structure.
In fact, Hovey [Hov02] did much more than just giving a suitable compatibility condition on model and abelian structures. He showed that in this situation, the model structure is fully given by classes of objects rather than morphisms, and the definition of model structure translates to the existence certain cotorsion pairs.
Methods for obtaining such model structures on C(R) were initially studied by Gillespie [Gil04] and since then several articles treating the topic have been published. We refer to [Št ' o14] for a detailed treatment and references. Here we recall only the necessary minimum: the concept of a cotorsion pair (originally due to Salce [Sal79] ), Hovey's translation and a generalized version of Gillespie's result.
Definition 3.1. Let A be an abelian category. A complete cotorsion pair is a pair of classes of objects (C, F ) such that (CP0) C and F are closed under retracts.
(CP2) For every object X ∈ A there exist (non-unique) short exact sequences
The sequences as in (CP2) are called approximation sequences. The complete cotorsion pair is called functorially complete if the approximation short exact sequences can be chosen functorially in X.
The complete cotorsion pair is called hereditary if Ext i A (C, F ) = 0 for all C ∈ C, F ∈ F and i > 0.
For future reference, we shall also explain the motivation for the term approximation sequence. The idea is that we approximate a general object X ∈ A by an object from a specified full subcategory of A. We have two versions of these approximations-precovers (right approximations) and preenvelopes (left approximations); see [ARS97, GT06] .
Definition 3.2. Let A be a category and C ⊆ A be a full subcategory. A morphism f : C X → X is a C-precover if C X ∈ C and any other morphism
Lemma 3.3. Let (C, F ) be a complete cotorsion pair in an abelian category A. Given the approximation sequences for X ∈ A as in Definition 3.1, then C X → X is a C-precover and X → F X is an F -preenvelope.
The other case is dual.
Now we are in a position to state the crucial result due to Hovey relating abelian model structures and cotorsion pairs.
Proposition 3.4 ([Hov02, Theorem 2.2])
. Let A be an abelian model category and C, W, F be the classes of cofibrant, trivial and fibrant objects, respectively. Then the following hold:
0 is a short exact sequence and two of W 1 , W 2 , W 3 belong to W, so the third. (2) The pairs (C ∩ W, F ) and (C, W ∩ F ) are functorially complete cotorsion pairs. Moreover, every triple (C, W, F ) of classes of objects of A which satisfies conditions (1) and (2) uniquely determines an abelian model structure on A Thus, our task now stands as follows. We start with A = C(G) and the class W of all acyclic complexes, and we need to obtain C, F such that (C ∩ W, F ) and (C, W ∩ F ) are functorially complete cotorsion pairs. A result originally due to Gillespie gives such a construction when we start with a suitable single complete cotorsion pair (C 0 , F 0 ) in G. First of all, (C 0 , F 0 ) needs to be what a topologist would call cofibrantly generated:
Proposition 3.5. Let G be a Grothendieck category and S be a small set of objects containing a generator for G. Then there is a functorially complete cotorsion pair
The class C consists precisely of retracts of objects X for which there exists a direct system of monomorphisms (X α | α ≤ λ) which is indexed by an ordinal number λ and which satisfies the following conditions:
Proof. The proof uses Quillen's small object argument. We refer either to [SŠ11, Corollary 2.15(2)] or to [Št ' o14, Theorem 5.16]. The ideas can be traced back to [ET01] for module categories, and to [Gil07, Hov02, Ros02] in the general case. Definition 3.6. A (functorially) complete cotorsion pair in a Grothendieck category which occurs as in Proposition 3.5 is said to be generated by a small set.
Note that Proposition 3.5(2) says that C consists of summands of transfinitely iterated extensions of objects of S. Now we can state the main existence result for model structures. In order to facilitate the statement, we shall use the following notation from [Gil04] : Notation 3.7. If E ⊆ G is a class of objects closed under extensions, thenẼ ⊆ C(G) will stand for the class of all acyclic complexes with all cocycle objects in E.
Proposition 3.8. Let G be a Grothendieck category and denote by W the class of all quasi-isomorphisms in C(G). If (C 0 , F 0 ) is a complete hereditary cotorsion pair in G which is generated by a small set, then there exists an abelian model structure (Cof, W, Fib) on C(G) described as follows:
(1) Cofibrations are the monomorphisms f such that Ext Often, however, we only need the following simple consequence of the adjunctions in [Gil04, Lemma 3.1(5) and (6)]: If f is a cofibration, then all components of Coker f belong to C 0 . Similarly all components of Ker g are in F 0 for every fibration g.
An important corollary allows us to compute in D(G):
Corollary 3.10. Suppose that G and (C 0 , F 0 ) are as in Proposition 3.8. If X is cofibrant and Y is fibrant, then the canonical homomorphism
Proof. This is immediate as soon as one proves that the abstract homotopy relation from the model structure is just the usual cochain complex homotopy. The latter quickly follows from [Gil11, Proposition 4.4] or [Bec14, Proposition 1.1.14].
Example 3.11. In any Grothendieck category G we have the trivial functorially complete hereditary cotorsion pair (G, I), where I stands for the class of all injective objects. This easily follows from Proposition 3.5 and a version of Baer's Lemma for Grothendieck categories.
Hence we have an abelian model structure in C(G) in which every object is cofibrant, and fibrant objects are certain complexes with injective components. This folklore model structure is called the injective model structure on C(G) and it was mentioned in the proof of Lemma 1.17.
Example 3.12. Dually, if G = Mod-R for a ring R, we have a functorially complete hereditary cotorsion pair (P, Mod-R), where P is the class of all projective modules. This gives rise to another folklore model structure, the projective model structure on C(R); see [Hov99, §2.3]. With respect to suitable model structures we prove that the underlying functor Hom G (T, −) : C(G) → C(R) is a right Quillen equivalence. That is, it not only induces a derived equivalence, but it is also the right hand side of an adjunction which is compatible with the model structures (see [Hir03, Hov99] for the precise definition). From the point of view of homotopy theory, this says that we have as favorable enrichment for the triangle equivalence as we can hope for.
Theorem 3.13. Let G be a Grothendieck category with a classical tilting object T and denote R = End G (T ). Consider C(G) with the injective model structure (Example 3.11) and C(R) with the projective model structure (Example 3.12). Then
Proof. The functor U = Hom G (T, −) has a left adjoint F : C(R) → C(G) by the special adjoint functor theorem, [ML98, §V.8]. A more explicit description of F will be given later in Remark 6.3. At the moment, we only note that both U and F are clearly additive. As a fibration in C(G) is an epimorphism whose kernel is a complex with injective components, every component must split and it is easy to show that U preserves fibrations and trivial fibrations. In particular, (F, U ) is a Quillen adjunction. Since RU = RHom G (T, −) is an equivalence thanks to Proposition 1.4, Hom G (T, −) : C(G) → C(R) is a right Quillen equivalence as stated.
3.3. Cotilting model structures. Now we shall get to the main point: model structures on C(R) attached to a given big cotilting module. First of all, with every cotilting module we can associate a complete cotorsion pair.
Definition 3.14. Let C be a big cotilting module over a ring R. Then the cotilting class associated with C is defined as
Proposition 3.15. Let C be a big cotilting module over a ring R, and put
Then (X C , F 0 ) is a functorially complete hereditary cotorsion pair in Mod-R which is generated by a small set. Moreover, X C is functorially resolving, it is closed in Mod-R under taking products and direct limits, and we have X C ∩ F 0 = Prod C.
Proof. We refer to [GT06, Lemma 8.1.4(c)] and to [GT06, Theorem 8.1.7 and 8.1.9]. That X C is functorially resolving follows from Lemma 2.2.
Hence, by virtue of Proposition 3.8, associated with every big cotilting module we have an abelian model structure on C(R) whose homotopy category is D(R). In the last few paragraphs of the section, we shall obtain a more satisfactory description of cofibrations. First we recall another piece of standard notation based on [CE56,
Notation 3.16. Suppose that X, Y ∈ C(A), where A is an abelian category. Then the total Hom-complex Hom A (X, Y ) will stand for the complex of abelian groups such that
for each i ∈ Z, and the differential is defined as the graded commutator. That is,
is a collection of morphisms in A, we put
If A = Mod-R for a ring R, we shall write Hom R (X, Y ).
It is a standard fact that
for all i ∈ Z. Now we can prove the following result.
Theorem 3.17. Let R be a ring, C ∈ Mod-R be a big cotilting module and (X C , F 0 ) the complete cotorsion pair from Proposition 3.15. Then there exists an abelian model structure (Cof, W, Fib) on C(R) described as follows:
(1) Cofibrations are the monomorphisms f such that Coker f ∈ C(X C ). Proof. Everything follows from Propositions 3.8 and 3.15 except for the description of cofibrations. We need to prove that Z is cofibrant, i.e. Ext 1 C(R) (Z, X) = 0 for all X ∈F 0 , if and only if Z ∈ C(X C ), i.e. all components of Z are in X C .
Thanks to [Gil04, Lemma 3.1(6)] we know that every cofibrant complex C belongs to C(X C ).
In order to prove the converse, let Z ∈ C(X C ). Since any extension 0 −→ X −→ E −→ Z −→ 0 such that X ∈F 0 splits in every component, it suffices to prove that Hom K(R) (Z, X) = 0 for every X ∈F 0 (see for instance [Št ' o13, Lemma 1.2]).
To see that, suppose that X ∈F 0 and consider the complete cotorsion pair (P, Y) in C(R) generated by the complexes of the form
where R is in cohomological degree n and n runs over all integers. It is easy to see that the closure of this collection under extensions and coproducts contains a generator, so Proposition 3.5 applies. Another application of [Št ' o13, Lemma 1.2] shows that every complex in Y is acyclic. Let now 0 → Y → P → Z → 0 be an approximation sequence for Z with respect to (P, Y). That is, P ∈ P and Y ∈ Y is acyclic. Since clearly P ⊆ C(X C ) and C(X C ) is resolving in C(R), it follows that Y ∈ C(X C ). An easy dimension shifting argument shows that if C is big n-cotilting, then every module M ∈ Mod-R has res. dim XC M ≤ n. In particular all cocycles of Y are in X C and so Y ∈X C . Thus Similarly Hom K(R) (P, X) = 0.
Let us now apply the functor
Since all components of Z are in X C and all components of X are in F 0 , we deduce that the sequence
is exact in C(Ab). As both Hom R (P, X) and Hom R (Y, X) are acyclic complexes, so is Hom R (Z, X). In particular Hom K(R) (Z, X) = 0 as desired.
We conclude the section by a key corollary, which will be used several times in the sequel.
Corollary 3.18. Let C be a big cotilting R-module, X C be the cotilting class, and let Z, X ∈ C(R) such that Z ∈ C(X C ) and Ext 1 C(R) (Z ′ , X) = 0 for all Z ′ ∈X C . The last condition is satisfied in particular when X is a bounded below complex with components in Prod C. Then the canonical morphism
is a natural isomorphism.
Proof. We use the description of the model structure in Theorem 3.17 to deduce that Z is cofibrant and X is fibrant. The rest follows from Corollary 3.10.
Cotilting t-structures
Given a cotilting module, we need to construct the corresponding tilted Grothendieck category. We will do so using basic results from [BBD82] on t-structures and their hearts. If n = 1, one could use as in [CGM07] the t-structures coming from torsion pairs in Mod-R, originally constructed by Happel, Reiten and Smalø in [HRS96] (see also [BvdB03, §5] or [ŠKT11] for a somewhat generalized version). Here we give another construction for an arbitrary n which recovers the t-structures from [CGM07] as a special case if n = 1.
For the sake of completeness, let us recall the definition of a t-structure. It formally resembles that of a complete cotorsion pair and, indeed, there is a direct connection in some cases (see [SŠ11, §3] ). 
The heart of the t-structure is the full subcategory
One easily checks that (tS1) and (tS2) imply that a triangle as in (tS3) is unique up to a unique isomorphism, hence functorial. Standard and general properties of the heart of a t-structure, established in [BBD82] , are summarized in the following proposition.
Proposition 4.2. Let T be a triangulated category and (D ≤0 , D ≥0 ) be a t-structure with the heart G = D ≤0 ∩ D ≥0 . Then:
(1) G is an abelian category which is closed under extensions in T (that is, given X, Z ∈ G and a triangle Let us now suppose that we have a big cotilting module C ∈ Mod-R. We aim to assign to C a t-structure (D ≤0 C , D ≥0 C ) on D(R) such that the heart is a Grothendieck category, and C is contained in the heart and is an injective cogenerator there.
Suppose for a moment that we have G and an injective cogenerator W ∈ G. Then the canonical t-structure on D(G) (see [BBD82, Exemples 1.3.2(i)]) whose heart is equivalent to G can be described using W as follows:
As we expect an equivalence between D(R) and D(G) which sends C to an injective cogenerator of G (we shall prove that in Section 6), the following definition makes sense: 
Of course, we must first prove that (D
C ) indeed is a t-structure. We shall do so using the corresponding cotilting model structure and in particular Corollary 3.18. The following is a key lemma giving alternative descriptions of D ≥0 C . Lemma 4.4. Let C ∈ Mod-R be a big cotilting module, X C the corresponding cotilting class (Definition 3.14), and let X ∈ D(R) be a complex. Then the following are equivalent:
C as in Notation 4.3.
(2) X is isomorphic in D(R) to a complex of the form
with X i ∈ X C for all i ≥ 0. (3) X is isomorphic in D(R) to a complex as in (2), but with X i ∈ Prod C for all i ≥ 0. (1) is an immediate consequence of Corollary 3.18.
Proof. (3) =⇒ (2) is obvious and (2) =⇒
We shall focus on (1) =⇒ (3). To this end, let X ∈ D
≥0
C and, in view of Theorem 3.17, we shall without loss of generality assume that X ∈ C(X C ). Similarly to [Har66, Lemma I.4.6(i)], we will inductively construct a map f : X → D of complexes of R-modules 
We set f i+1 equal to the composition of g i+1 with a Prod C-preenvelope e i+1 : P i+1 → D i+1 , and the differential D i → D i+1 is given by the obvious composition
All the maps used in the inductive step are depicted in the following diagram:
We claim that Hom K(R) (f, Σ j C) is an isomorphism for all j ∈ Z. For j > 0 this is clear from the assumption on X ∈ D
C . If j ≤ 0, suppose that we have a morphism h : X → Σ j C in C(R). Our task is to prove that (a) h factors through f : X → D, and (b) if h is null-homotopic, then so is any such factorization t :
Regarding (a), note that h is given by its (−j)-th component h −j : X −j → C and that h −j ∂ −j−1 = 0. Using the pushout property of ( * ) for i = −j − 1, we construct a map ℓ −j : P −j → C such that ℓ −j g −j = h −j and ℓ −j p −j−1 = 0. We can factor ℓ −j further through the Prod C-preenvelope e −j : P −j → D −j to obtain a morphism of R-modules t −j : D −j → C. It follows that the composition of t −j with the differential D −j−1 → D −j vanishes, so that t −j is the (−j)-th component of a homomorphism of complexes t : D → Σ j C satisfying h = tf . In particular, t is a factorization of h through f .
To prove (b), let us assume that h is nullhomotopic, where we denote the only relevant component of the null-homotopy by s −j+1 : X −j+1 → C. Given a fixed t : D → Σ j C with h = tf , we will now show that t is also null-homotopic. Note that in this situation the (−j)-th component t −j :
Since t −j is a component of a morphism of complexes, its composition with the differential D −j−1 → D −j vanishes and so there is a map u −j : C −j → C such that t −j = u −j c −j . Now we use the pushout from ( * ) for i = −j to construct a map v −j+1 :
. We further factor v −j+1 throught the preenvelope e −j+1 :
To summarize, we have constructed s −j+1 : D −j+1 → C whose composition with the differential D −j → D −j+1 equals t −j . This is none other than a null-homotopy of t : D → Σ j C, finishing the proof of the claim.
If we now denote by Z ∈ C(R) the mapping cone of f : X → D, we have Hom K(R) (Z, Σ i C) = 0 for all i ∈ Z and, owing to Corollary 3.18, also
Let Q be an injective cogenerator for Mod-R as in (BC3) of Definition 1.6. It follows that Hom D(R) (Z, Σ i Q) = 0 for all i ∈ Z, showing that Z ∼ = 0 in D(R). Thus, f becomes an isomorphism in D(R) and X satisfies (3). Now we can prove that we have indeed assigned a t-structure to a big cotilting module. Remark 4.6. For R commutative noetherian, a method to assign a t-structure to a big cotilting module have been recently studied in [AHS14] ; see for instance Corollary 3.5 there. This assignment was obtained indirectly, using two classification results: Compactly generated t-structures on D(R) have been classified in [ATJLS10] and cotilting classes corresponding to big cotilting R-modules have been classified in [AHPŠT14] . It turns out that the set parameterizing the cotilting classes is a subset of the one parameterizing the t-structures. In view of [AHS14, Proposition 3.6], our theorem generalizes this assignment to rings which are not necessarily commutative or noetherian. C . In view of the previous lemma, we can assume that X is of the form
with X i ∈ Prod C for all i > 0. For every n ≥ 1, we shall denote by X n the brutally truncated complex
As Hom D(R) (Z, Σ i C) = 0 for all i < 0, it is straightforward to show by induction on n that
Now we use [BN93, Remark 2.3] to show that there is a triangle in D(R) of the form
Hence Hom D(R) (Z, X) = 0 and (tS1) holds. In order to prove (tS3), we start with an arbitrary complex X ∈ D(R). Using Theorem 3.17, we can assume that X ∈ C(X C ), where X C is the cotilting class corresponding to C. Now we construct a map f : X → D in C(R)
using exactly the same method as in the proof of Lemma 4.4. Since X not necessarily in D
≤0
C , this time we only get that
In view of Corollary 3.18, the same is true for Hom D(R) (f, Σ i C). Let F be the fiber of f in D(R). That is, we have a triangle
Then necessarily Hom D(R) (F, Σ i C) = 0 for all i < 0. We claim that the group Hom D(R) (F, C) vanishes as well. Indeed, if we apply Hom D(R) (−, C) to the triangle above, we get an exact sequence of abelian groups C . Hence, by constructing a triangle as above for ΣX rather than for X and by rotating it correspondingly we get a triangle as in (tS3). Now we can give a central definition for the rest of the paper. We will use it to prove a converse of Theorem 1.7.
Definition 4.7. Let R be a ring and C ∈ Mod-R be a big cotilting module. Then the tilted abelian category G corresponding to C is defined to be the heart of the cotilting t-structure described in Notation 4.3. That is,
Equivalence of derivators
In this section we generalize one of the main results from [CGM07] and show that, given a big cotilting module C, the tilted category G (Definition 4.7) is derived equivalent to Mod-R. In fact, we shall prove more: the diagram categories (Mod-R)
I and G I , where I ∈ Cat is an arbitrary small category, are also derived equivalent and these equivalences are compatible with the restriction functors induced by morphisms in Cat. Formally this says that the canonical derivators (in the sense of [CN08, Gro13, Gro91, Mal07] , to be defined) of R and G are equivalent.
The 2-category of prederivators. The basic definition is formally easy.
Definition 5.1. A prederivator is a strict 2-functor D : Cat op → CAT . Here, Cat stands for the 2-category of all small categories and CAT for the "2-category" of all not necessarily small categories. Our convention for Cat op , following [Gro13] , is that the direction of 1-morphisms (functors) is formally inverted and the direction of 2-morphisms (transformations) is kept. The adjective "strict" refers to the fact that D is required to preserve the compositions of 1-morphisms strictly rather than only up to natural equivalence.
A derivator will be defined as a prederivator satisfying certain axioms. Before introducing these, we shall discuss how (pre)derivators occur in our setup. I , although there always exists a canonical functor
We call such a functor a diagram functor and refer to [Mal07, §2] or [CN08, §1.10] for a general formal construction. Given a 1-morphism u : I → J in Cat, the scalar restriction functor A J → A I is clearly exact, so it induces a functor
We shall take this u * as the value of D A (u). The class of prederivators themselves forms a 2-category. Saying that, we disregard for the moment the set-theoretic problem that the class of all 1-morphisms between given prederivators D and D ′ may not be small or, worse, may not be a legal class in our universe. However, this will not cause any problems as we will always consider only particular 1-or 2-morphisms rather than the class of all of them. This datum is required to satisfy the following three coherence conditions. Given a pair of composable functors I u → J v → K in Cat and a natural transformation α : u 1 ⇒ u 2 between u 1 , u 2 : I → J in Cat, we have the equalities (a) γ id J = id FJ as transformations
′ are two morphisms of prederivators, a 2-morphism (or a natural transformation) τ : F ⇒ G is collection of natural transformations τ I : F I → G I , where I runs over small categories, satisfying the following compatibility condition. Given a functor u :
where the superscripts at γ u distinguish the transformation which is a part of the defining datum of F from the one belonging to G. Remark 5.8. As prederivators form a 2-category, one can also define an equivalence internally to the 2-category of prederivators; see [Bor94, Definition 7.1.2]. It can be checked that this leads to a notion equivalent to Definition 5.7.
5.2.
Derivators. Now we turn our attention to derivators. Let us introduce some notations and terminology first. We denote by 1 the terminal category with one object and one morphism and, given n ∈ N, we denote by [n] the totally ordered set {0, 1, . . . , n} viewed as a small category (so that [0] ∼ = 1). Given I ∈ Cat and an object i ∈ I, there is a unique functor 1 → I sending the only object of 1 to i. We shall denote this functor also by i. [1] are full and essentially surjective for all I ∈ Cat.
Note that, as a consequence of (Der1), each D(I) has small coproducts and products and, in particular, an initial and a terminal object. When we will speak of morphisms and transformations of (strong) derivators, we shall consider the corresponding full sub-2-category of the 2-category of prederivators (Definition 5.4). Note also that a prederivator D which is equivalent to a (strong) derivator in the sense of Definition 5.7 is itself a (strong) derivator.
There are abundance of examples of derivators, owing to the following result. In particular, if G is a Grothendieck category, then the prederivator D G from Construction 5.2 is a strong derivator.
Proof. The first part is due to Cisinski [Cis03] , while a simpler proof for combinatorial model categories (in the sense of [Dug01, §2]) can be found in [Gro13, Proposition 1.30]. The second part follows from Example 3.11 which shows that we have an (even combinatorial) model structure on C(G).
However, the derivator D G for a Grothendieck category G satisfies more properties. We have not reflected yet that all the categories D G (I) are triangulated (and in particular additive). This leads to the notion of a stable derivator. The following result is crucial for us. 5.3. Blueprints for derivators. Given a Grothendieck category G, it turns out that the stable derivator D G from Construction 5.2 is often fully determined by a suitable extension closed full subcategory of G. This will allow us to compare D R and D G , where R is a ring and G is the tilted abelian category with respect to a big cotilting R-module.
In order to formalize this observation, we will briefly recall exact categories. This concept is originally due to Quillen, but the common reference is [Kel90, Appendix A] and an extensive treatment is given in [Büh10] . An exact category is an additive category E together with a distinguished class of diagrams of the form
called conflations, satisfying certain axioms which make conflations behave similar to short exact sequences in an abelian category and allow to define Yoneda Ext groups with usual properties. Adopting the terminology from [Kel90] , the map in a conflation denoted by i above is called inflation while d is referred to as deflation. Morally, an exact category is an extension closed subcategory of an abelian category, which is made precise in the following statement. (1) Let A be an abelian category and E ⊆ A be an extension closed subcategory. Then E, considered together with all short exact sequences in A whose all terms belong to E, is an exact category. (2) Every small exact category arises up to equivalence as an extension closed subcategory of an abelian category in the sense of (1).
In particular, given an exact category we can consider its derived category D(E); see [Büh10, §10] . Moreover, given I ∈ Cat, the diagram category E I is naturally an exact category with conflations defined component wise. Thus, ignoring possible set theoretic issues, attached to an exact category E we have a prederivator D E defined analogously to the prederivator of an abelian category in Construction 5.2. That is, D E (I) = D(E I ). Further, given an inclusion E ⊆ A as in Proposition 5.13(1), we obtain similarly as in Example 5.6 an induced morphism of prederivators F : D E → D A . Generalizing the results from [BvdB03,ŠKT11], we establish a criterion for F being an equivalence.
Proposition 5.14. Let A be an abelian category and E ⊆ A be a full subcategory such that
(1) E is resolving (in particular E is extension closed, see Definition 2.1) and (2) there is an integer n ≥ 0 such that each A ∈ A has res. dim E A ≤ n. Remark 5.15. It will follow from the proof that the same conclusion holds under formally dual assumptions on E, that is if E is (functorially) coresolving in A and the E-coresolution dimension of objects of A is uniformly bounded.
Proof. The first part follows by the same argument as [BvdB03, Lemma 5.4.2]. Namely, we use Proposition 2.3(1) to observe that E satisfies the assumptions for the dual version of [Har66, Lemma I.4.6(2)]. Thus, every complex X ∈ C(A) admits a surjective quasi-isomorphism f : Y → X with Y ∈ C(E). Moreover, the bound on E-resolution dimension implies that a complex X ∈ C(E) is acyclic in the sense of [Büh10, §10] For the second part, note that if E is functorially generating in A, then obviously E I is generating in A I for every I ∈ Cat. In particular, E I satisfies conditions (1) and (2) This motivates the following definition.
Definition 5.16. Let A be an abelian category and let D A be the prederivator as in Construction 5.2. A full subcategory E ⊆ A which is functorially resolving and such that the E-resolution dimension of objects of A is bounded by some n ∈ N, is called a blueprint for D A . If E is functorially coresolving and the E-coresolution dimension is uniformly bounded, E is called the dual blueprint for D A .
5.4. The cotilting equivalence of derivators. Finally we will prove the promised equivalence of derivators induced by a big cotilting module. In retrospection the equivalence will follow from the Quillen equivalence in §3.2; we refer to [Gro13, Example 2.10] and also to [Ren09] for a conceptual explanation. However, we need a triangle equivalence between D(R) and D(G) to prove that G is a Grothendieck category with a classical tilting object in the first place, and the equivalence of the corresponding derivators comes almost for free.
Let R be a ring, C ∈ Mod-R a big cotilting module and G the tilted abelian category in the sense of Definition 4.7. One easily observes that X C , the associated cotilting class (Definition 3.14), is an extension closed full subcategory of both Mod-R and G and that G ∩ Mod-R = X C .
We shall prove that X C is a blueprint for D R and a dual blueprint for D G . The first part is rather well known.
Proposition 5.17. Let R, C and X C ⊆ Mod-R be as above. Then X C is a blueprint for D R . In particular, D XC is a strong stable derivator equivalent to D R .
Proof. The class X C is functorially resolving by Proposition 3.15. The bound on resolution dimension of R-modules with respect to X C follows by dimension shifting from the fact that the injective dimension of modules in the class Hence X C is a blueprint for D R and the last statement follows from Propositions 5.14 and 5.12.
The proof that X C is a dual blueprint for D G is more laborious.
Lemma 5.18. Let R, C, X C and G be as above. Then both X C and Prod C are coresolving in G.
Proof. Both X C and Prod C are clearly closed under retracts and extensions in G.
Next we claim that X C is closed under cokernels of monomorphisms in G. To this end, let 0 → X → Y → Z → 0 be a short exact sequence in G with X, Y ∈ X C , so in particular X, Y ∈ Mod-R. Thanks to Proposition 4.2(2), there exists a triangle in D(R) of the form
and the complex Z is up to isomorphism in D(R) of the form
with X in cohomological degree −1 and Y in degree 0. This complex Z is also cofibrant with respect to the cotilting model structure on C(R); see Theorem 3.17.
Consider now the complete cotorsion pair (X C , F 0 ) and an approximation sequence 0 → X i → F X → C X → 0 with F X ∈ F 0 and C X ∈ X C in Mod-R. Since X ∈ X C , we have F X ∈ X C ∩ F 0 = Prod C by Proposition 3.15. Thus, since Z ∈ G ⊆ D ≥0 C (see Notation 4.3), we have Hom D(R) (Z, ΣF X ) = 0 and by Corollary 3.18 also Hom K(R) (Z, ΣF X ) = 0. This in particular means that the morphism i : X → F X factors through f : X → Y and f is a monomorphism in Mod-R. Consequently up to isomorphism in G we have Z ∈ G ∩ Mod-R = X C , proving the claim.
A similar argument works for X, Y ∈ Prod C. The difference in this case is that i : X → F X splits as Ext 1 R (C X , X) = 0, so f : X → Y splits as well and up to isomorphism Z ∈ Prod C.
Since Prod C ⊆ X C , it remains to prove that Prod C is cogenerating in G. Given X ∈ G, we can assume by Lemma 4.4 that X as an object of C(R) is of the form
with X i ∈ Prod C for all i ≥ 0. Let us consider the triangle corresponding to the brutal truncation of X at the differential ∂ 0 : X 0 → X 1 :
In particular, the suspension ΣX ′ is of the form
with each X i in cohomological degree i − 1. Since both X and ΣX ′ are then cofibrant with respect to the cotilting model structure on C(R), we have
for all i ∈ Z \ {0, 1}. Clearly also Hom D(R) (ΣX ′ , ΣC) = 0. Hence ΣX ′ ∈ G and, invoking Proposition 4.2(2), we obtain a short exact sequence
Next we establish a certain analogue of Lemma 1.17 where the roles of D(R) and D(G) are switched.
Lemma 5.19. Let R, C, X C and G be as above and let n be the injective dimension of C in Mod-R. Then for each X ∈ G ⊆ D(R) we have H i R (X) = 0 for all i < 0 and i > n.
Proof. This quickly follows by combining the description of G in Definition 4.7 with the existence of an exact sequence as in Definition 1.6(BC3) with r = n. Such a sequence exists by [Baz04, Proposition 3.5].
Now we can prove that X C is a dual blueprint for D G .
Proposition 5.20. Let R, C, X C and G be as above. Then X C is a dual blueprint for D G .
Proof. Although we have not proved yet that G is a Grothendieck category, the proof of Lemma 2.2 is still valid to show that both Prod C and X C are functorially coresolving in G. Indeed, since Prod C ⊆ G, arbitrary products of copies of C exist in G. Thus, for each X ∈ G we have the functorial monomorphism X → C HomG(X,C) . It remains to prove that the X C -coresolution dimension of objects of G is uniformly bounded. Let n be the injective dimension of C in Mod-R. Let us denote by T j , for j ∈ {0, 1, . . . , n}, the class
R (X) = 0 for all i < 0 and i > j}. Then, up to closing X C under isomorphisms in G, we have the following:
Suppose that X ∈ T j for some j > 0 and consider the exact sequence 0 → X → X 0 → ΣX ′ → 0 in G from ( †) in the proof of Lemma 5.18. It follows from the construction of ( †) that ΣX ′ ∈ T j−1 . In particular ΣX ′ ∈ X C if j = 1. Hence the coresolution dimension of X ∈ G = T n with respect to X C is bounded by n. Now we can prove the main result of the section.
Theorem 5.21. Let R be a ring, C ∈ Mod-R be a big cotilting module and G be the corresponding tilted abelian category (Definition 4.7).
Then the prederivators D R and D G (see Construction 5.2) are equivalent and both are strong stable derivators. In particular, the inclusion G ⊆ D(R) extends to a triangle equivalence F :
Proof. Let X C ⊆ Mod-R be the cotilting class. Propositions 5.14, 5.17 and 5.20 together with Remark 5.15 imply that the morphisms of prederivators
induced by the inclusions of X C in Mod-R and G, respectively, are equivalences. Since D R is a strong stable derivator by Proposition 5.12(1), so are D XC and D G . In particular, D G (I) is a legitimate category in the set theoretic universe which we started with for each I ∈ Cat. The last statement follows by inspecting ( ‡) evaluated at 1 ∈ Cat and by Proposition 5.12(3).
6. Properties of the heart of a cotilting t-structure It is time to prove that the abelian category G tilted with respect to a big cotilting module C is a Grothendieck category with a classical tilting object. It will turn out that the tilting object is necessarily finitely presentable. Finally, we will show that there is a bijective correspondence between certain equivalence classes of module categories with a big cotilting object and equivalence classes of Grothendieck categories with a classical tilting object. 6.1. The heart is a Grothendieck category. We start with an easy consequence of the previous results.
Lemma 6.1. Let C be a big cotilting R-module and G the tilted category. Then C ∈ G is an injective cogenerator for G. Moreover, an object W ∈ G is injective if and only if, up to isomorphism, W ∈ Prod C.
Proof. Recall that products of copies of C exist in G and agree with the products in D(R). We know from Lemma 5.18 that C is a cogenerator for G. Given an arbitrary X ∈ G, Proposition 4.2(3) and Definition 4.7 imply that Now we can prove that G is a Grothendieck category with a tilting object, which establishes a converse of Theorem 1.7 and generalizes [CGM07, Theorem 4.2] for cotilting modules of injective dimension > 1. We shall use a trick with a functor category suggested by Ivo Herzog.
Theorem 6.2. Let R be a ring, C ∈ Mod-R be a big cotilting module and G be the corresponding tilted abelian category (Definition 4.7). Then G is a Grothendieck category.
Moreover, G admits a classical tilting object T ∈ G (see Definition 1.1 and Proposition 1.4) such that End G (T ) ∼ = R and Ext n+1 G (T, −) ≡ 0, where n is the injective dimension of C in Mod-R. In particular we can choose T = R, considered as an object of G.
Proof. We denote by mod-R op the full subcategory of Mod-R op consisting of finitely presented left R-modules, and by A = (mod-R op , Ab) the category of all additive functors mod-R op → Ab. Then A is a locally coherent Grothendieck category and we have a fully faithful right exact functor
which preserves products, coproducts and sends pure injective modules to injective objects of A; see [GJ81, Proposition 1.2].
Since C is a pure injective module itself by [Št ' o06, Theorem 13], T (C) ∈ A is injective. Thus, the class
is a hereditary torsion class in A. That is, T C is closed under subfunctors, quotients, extensions and coproducts in A.
Hence we can form the Gabriel quotient Q : A → A/T C , where A/T C is by definition A[W −1 ] and W is the class of all morphisms in A whose kernel and cokernel belong to T C . We shall denote A/T C by G ′ ; it is an abelian category and Q is an exact functor by [GZ67, §I.3]. In fact, it is well known that G ′ is a Grothendieck category and Q admits a fully faithful right adjoint H : G ′ → A, whose essential image is equal to
We refer to [Pre09, §11.1.1] and [Pop73, Ste75] for details.
As a right adjoint to an exact functor, H must send injective objects of G ′ to injective objects of A. Since H is also fully faithful, it follows that X ∈ G ′ is injective if and only if H(X) ∈ A is injective. Taking into account the definition of The composed equivalence I → I ′ extends to and equivalence G → G ′ . Indeed, it is a standard observation that an abelian category with enough injective objects is determined by its full subcategory of injective objects up to equivalence. We refer for instance to [ARS97, Proposition IV.1.2] for a dual argument for abelian categories with enough projective objects. Thus, G is a Grothendieck category.
If we put T = R ∈ G, then T satisfies (T1)-(T3) of Proposition 1.4 since R satisfies the same properties in D(R). Here we use Theorem 5.21. Therefore, T ∈ G is a tilting object whose endomorphism ring is isomorphic to R. The extra property that Ext
R (X) and of Lemma 5.19.
Remark 6.3. In the proof of Theorem 3.13 we established the existence of a left adjoint to Hom G (T, −) : C(G) → C(R). Now we can obtain more information on this adjoint functor.
Using the notation from the proof of Theorem 6.2 and identifying G ′ with G via the equivalence, we have a diagram of categories and functors
The functor E is the right adjoint to T (which exists by the special adjoint functor theorem) and it acts by evaluating a functor F : mod-R op → Ab at R. It is not difficult to convince oneself that E • H and Hom G (T, −) are equivalent functors G → Mod-R. Indeed, they are both left exact and their restrictions to the class of injective objects I ⊆ G are equivalent. Thus, Q • T is a left adjoint to Hom G (T, −), both as a functor Mod-R → G and as a functor C(R) → C(G).
Remark 6.4. As a Grothendieck category, G must have a small generating set. In order to construct one, let T = R be as in Theorem 6.2. Then one can show that the set S = {G ∈ G | G is a subobject of T r for some r ∈ N} is generating; see for instance [CGM07, Lemma 3.5].
6.2. Homotopy finitely presentable objects. Let us now turn our attention to the ways in which we express smallness in the abelian and triangulated context. As in [AR94, GU71], we call an object Z of a cocomplete category G finitely presentable if given any direct system (Z i | i ∈ I) in G, the canonical morphism of abelian groups is bijective.
To give more details on the construction of the morphism, consider i ∈ I, the embedding i : 1 → I and the projection p : I → 1. We can apply i * to the unit of adjunction η : X → p * (hocolim I X). Since p • i = id 1 and i * • p * = id T , we obtain a morphism ε i : X i → hocolim I X in T . It is straightforward to check that the morphisms ε i actually form a cocone in T from the direct system (X i | i ∈ I) to hocolim I X. It remains to apply Hom T (Z, −) : T → Set and construct the colimit morphism in Set.
If D is a derivator for a ring, we can show that this property coincides with compactness.
Proposition 6.6. Let R be a ring and D R be the strong stable derivator from Construction 5.2. Then Z ∈ D R (1) = D(R) is homotopy finitely presentable if and only if it Z is compact in D(R).
Proof. Suppose first that Z ∈ D(R) is compact. It follows from the proof [Ric89, Propositions 6.2 and 6.3] that, up to isomorphism, Z must be a bounded complex of finitely generated projective modules.
Suppose now that we have a directed set I and an object X ∈ D R (I). We can view X as an object of C(R)
I . We claim that hocolim I X is simply the colimit of X in C(R). Indeed, the colimit functor lim − → : C(R) I → C(R) and the constant diagram functor C(R) → C(R)
I are both exact and form an adjoint pair. Hence they induce an adjoint pair of functors between the corresponding derived categories and lim − → : D(I) → D(1) becomes a left adjoint to p * (using the notation of Definition 6.5). Since a left adjoint is unique up to equivalence, we have lim − → ∼ = hocolim I , proving the claim.
Since Z is bounded and its components are finitely generated and projective, the canonical morphism in C(Ab) (see Notation 3.16)
is clearly an isomorphism. Passing to the zero cohomology, we obtain the isomorphism lim − → I Hom K(R) (Z, X i ) −→ Hom K(R) (Z, hocolim I X),
and also the isomorphism of the corresponding homomorphism groups in D(R). It follows that Z is homotopy finitely presentable. Conversely, let Z be homotopy finitely presentable and suppose that (X j | j ∈ J) is a small collection of objects of D(R). Denote by I the poset of all finite subsets of J ordered by inclusion. It is easy to construct a coherent diagram X ∈ D(I) such that i * (X) = j∈i X j , hocolim I = j∈J X j and the morphisms ε i : i * (X) → hocolim I X from Definition 6.5 are the canonical split inclusions. The isomorphism lim − →I Hom D(R) Z, i * (X) ∼ = Hom D(R) (Z, hocolim I X) then precisely amounts to the defining condition of compactness in Definition 1.3.
The equivalence of derivators from Theorem 5.21 allows us to conclude that objects in G which are compact in D(G) are finitely presentable in G. This in particular applies to the classical tilting object from Theorem 6.2, see also Remark 1.2. Theorem 6.7. Let C be a big cotilting R-module and G be the corresponding tilted Grothendieck category. Suppose that Z ∈ G is compact in D(G) (for example if Z = R ∈ G is the tilting object). Then:
(1) The functor Ext Theorem 6.8. For every n ≥ 0, there is a bijective correspondence between:
(1) Equivalence classes of (G, T, W ) where G is a Grothendieck category, T ∈ G is a classical tilting object such that Ext n+1 G (T, −) ≡ 0, and W ∈ G is an injective cogenerator.
(2) Equivalence classes of (Mod-R, R, C), where R is a ring and C ∈ Mod-R is a big n-cotilting module.
Given (G, T, W ), we assign to it (Mod-R, R, C) such that R = End G (T ) and C = Hom G (T, W ).
Starting with (Mod-R, R, C), we take for G the tilted Grothendieck category corresponding to C (Definition 4.7), and put T = R and W = C.
Proof. The assignments are well defined by Theorems 1.7 and 6.2. The fact that they are mutually inverse follows from the descriptions of the corresponding derived equivalences in Theorems 3.13 and 5.21.
